Dual Polyhedra and Mirror Symmetry for Calabi-Yau 
Hyper surf aces in Toric Varieties 

Victor V. Batyrev 
Universitat-GH-Essen, Fachbereich 6, Mathematik 
Universitatsstr. 3, 45141 Essen 
Federal Republic of Germany 
e-mail: matf00@vm.hrz.uni-essen.de 



Abstract 

We consider families J- (A) consisting of complex (n — l)-dimensional projective 
algebraic compactifications of A-regular affine hypersurfaces Zf defined by Laurent 
polynomials / with a fixed n-dimensional Newton polyhedron A in n-dimensional 
algebraic torus T = (C*) n . If the family .F(A) defined by a Newton polyhedron A 
consists of (n — l)-dimensional Calabi-Yau varieties then the dual, or polar, polyhe- 
dron A* in the dual space defines another family ^"(A*) of Calabi-Yau varieties, so 
that we obtain the remarkable duality between two different families of Calabi-Yau 
varieties. It is shown that the properties of this duality coincide with the properties 
of Mirror Symmetry discovered by physicists for Calabi-Yau 3-folds. Our method 
allows to construct many new examples of Calabi-Yau 3-folds and new candidates for 
their mirrors which were previously unknown for physicists. 

We conjecture that there exists an isomorphism between two conformal field the- 
ories corresponding to Calabi-Yau varieties from two families ^"(A) and ^"(A*). 



1 Introduction 



Calabi-Yau 3-folds caught much attention from theoretical physics because of their 
connection with the superstring theory f2lf . Physicists discovered a duality for Calabi-Yau 
3-folds which is called Mirror Symmetry [1], |^, |3|, [L2|, [T7|, |22], [35], ^ . This duality defines a 



correspondence between two topologically different Calabi-Yau 3-folds V and V such that 
the Hodge numbers of V and V satisfy the relations 



W->\V) = h 2 '\V), h l '\V) = h 2 '\V). 



(1) 
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Thousands examples of Calabi-Yau 3-folds obtained from hypersurfaces in weighted pro- 
jective spaces have shown a a striking symmetry for possible pairs of integers (h 1 ' 1 , /i 2 ' 1 ) 
relative to the transposition interchanging ft, 1 ' 1 and h 2 ' 1 [fT2"|, K3L 03. This fact gives an 



empirical evidence in favor of the conjectural duality. On the other hand, physicists have 
proposed some explicit constructions of mirror manifolds (]10| 22]| for several classes of 
Calabi-Yau 3-folds obtained from 3-dimensional hypersurfaces in 4-dimensional weighted 
projective spaces P(uo, ■ ■ ■ , 0J4). The property ([!]) for the construction of B. Greene and R. 
Plesser [[22| was proved by S.-S. Roan [|44[ . 

the Mirror 
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In the paper of P. Candelas, X.C. de la Ossa, P.S. Green and L. Parkes 
Symmetry was applied to give predictions for the number of rational curves of various 
degrees on general quintic 3-folds in P 4 . For degrees < 3 these predictions were confirmed 
by algebraic geometers [2(| . 

In |59j Morrison has presented a mathematical review of the calculation of P. Candelas et 
al. | 13[| . Applying analogous method based on a consideration of the Picard-Fuchs equation, 
he has found in |4(| similar predictions for the number of rational curves on general members 
of another families of Calabi-Yau 3-folds with h 1 ' 1 = 1 constructed as hypersurfaces in 
weighted projective spaces. Some verifications of these these predictions were obtained by 
S. Katz in p5[ . The method of P. Candelas et al. was also applied to Calabi-Yau complete 

whose calculation 
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intersections in projective spaces by A. Libgober and J. Teitelbaum 
gave correct predictions for the number of lines and conies. Analogous results were obtained 
by physicists A. Font |19H , A. Klemm and S.Theisen [j3~T , [32] . 



In this paper we consider families .F(A) of Calabi-Yau hypersurfaces which are com- 
pactifications in n-dimensional projective toric varieties Pa of smooth affine hypersurfaces 
whose equations have a fixed Newton polyhedron A and sufficiently general coefficients. 
Our purpose is to describe a general method for constructing of candidates for mirrors of 
Calabi-Yau hypersurfaces in toric varieties. 

It turns out that all results on Calabi-Yau hypersurfaces and complete intersections in 
weighted and projective spaces, in particular the constructions of mirrors and the computa- 
tions of predictions for numbers rational curves, can be extended to the case of Calabi-Yau 
hypersurfaces and complete intersections in toric varieties || [7], [|, || . We remark that the 
toric technique for resolving singularities and computing Hodge numbers of hypersurfaces 
and complete intersections was first developed by A.G. Khovansky p9j |30[1 . For the case 



of 3-dimensional varieties with trivial canonical class, toric methods for resolving quotient 
singularities were first applied by D. Markushevich 



, S.-S. Roan and S.-T. Yau |43| 



Let us give an outline of the paper. 

Section 2 is devoted to basic terminology and well-known results on toric varieties. In 
this section we fix our notation for the rest of the paper. We use two definition of toric 
varieties. These definitions correspond to two kind of combinatorial data, contravariant 
and covariant ones. 

In section 3 we consider general properties of families .F(A) of hypersurfaces in a toric 
variety Pa satisfying some regularity conditions which we call A-regularity. These con- 
ditions imply that the singularities of hypersurfeace are induced only by singularities of 
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the embient toric variety Pa- The main consequence of this fact is that a resolution of 
singularities of Pa immediatelly gives rise to a resolution of singularities of all A-regular 
hypersurfaces, i.e., we obtain a simultanious resolution of all members of the family J 7 (A). 

In section 4 we investigate lattice polyhedra A which give rise to families of Calabi-Yau 
hypersurfaces in Pa- Such a polyhedra admit a combinatorial characterisation and will be 
called reflexive polyhedra. There exists the following crusial observation: 

If A C Mq is a reflexive polyhedron, then the corresponding dual polyhedron A* in dual 
space Nq is also reflexive. 

Therefore the set of all n-dimensional reflexive polyhedra admits the involution A — > A* 
which induces the involution between families of Calabi-Yau varieties: 

MIR : F(A) ->.F(A*). 

We use the notaion MIR for the involution acting on families of Calabi-Yau hypersurfaces 
corresponding to reflexive polyhedra in order to stress the following main conjecture: 

The combinatorial involution Mir : A — > A* acting on the set of all reflexive polyhedra 
of dimension d agrees with the mirror involution on conformal field theories associated to 
Calabi-Yau varieties from J 7 {A) and J 7 (A*). 

The next purpose of the paper is to give arguments showing that the Calabi-Yau families 
JF(A) and JF(A*) are good candidates to be mirror symmetric, i.e., the involution MIR : 
JF(A) — > JF(A*) agrees with properties of the mirror duality in physics. 

Let Z denotes a maximal projective crepant partial desingularization (MPCP-desin- 
gularization) of a projective Calabi-Yau hypersurface Z in Pa- First, using results of 
Danilov and Khovanskii, we show that for n > 4 the Hodge number ft™ -2,1 of MPCP- 
desingularizations of Calabi-Yau hypersurfaces in the family J 7 (A) equals the Picard num- 
ber ft, 1 ' 1 of MPCP-desingularizations of Calabi-Yau hypersurfaces in the family ^-*(A*). As 
a corollary, we obtain the relation ([!]) predicted by physicists for mirror symmetric Calabi- 
Yau 3-folds. Then, we prove that the nonsingular part Z of Z consisting of the union 
of Zf with all (n — 2)-dimensional affine strata corresponding (n — l)-dimensional edges 
of A has always the Euler characteristic zero. We use this fact in the proof of a simple 
combinatorial formula for the Euler characteristic of Calabi-Yau 3-folds in terms of geome- 
try of two 4-dimensional reflexive polyhedra A and A*. This formula immediately implies 
that for any pair of dual 4-dimensional reflexive polyhedra A and A*, Calabi-Yau 3-folds 
obtained as MPCP-desingularizations of Calabi-Yau hypersurfaces in J 7 (A) and in JF(A*) 
have opposite Euler characteristics. 

Section 5 is devoted to relations between our method and other already known methods 
of explicit constructions of mirrors. 

First, we calculate the one-parameter mirror family for the family of (n — l)-dimensional 
hypersurfaces of degree n + 1 in n-dimensional projective space and show that our result 
for quintic therefolds coincides the already known construction of physicists. 
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Next, we investigate the category C n of reflexive pairs (A, M), where M is an inte- 
gral lattice of rank n and A is an n- dimensional reflexive polyhedron with vertices in M. 
Morphisms in the category C n give rise to relations between families of Calabi-Yau hyper- 
surfaces in toric varieties. Namely, the existence of a morphism from (Ai, M\) to (A 2 , M 2 ) 
implies that Calabi-Yau hypersurfaces in jF(Ax) consist of quotients by action of a finite 
abelian group of Calabi-Yau hypersurfaces in JF(A 2 ). 

We prove that if a reflexive polyhedron A is an n-dimensional simplex, then the family 
^(A) consist of deformations of quotiens of Fermat-type hypersurfaces in weighted projec- 
tive spaces. As a result, we obtain that our method for constructions of mirror candidates 



coincides with the method of Greene and Plesser ||22||, so that we obtain a generalization 



of the theorem of S.-S. Roan in 44 
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2 The geometry of toric varieties 



We follow notations of V. Danilov in 14 . Almost all statements of this section are 



contained in j|T| and [fi^] 



2.1 Two definitions and basic notations 

First we fix notations used in the contravariant definition of toric varieties Pa associated 
to a lattice polyhedron A. 

M abelian group of rank n; 
M = Z © M; 
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T = (C*) n = {X = (X u ...,X n )eC n \X 1 ---X n ^O} n-dimensional algebraic torus 
T over C; 

Mq = M ® Q the Q-scalar extension of M; 
M Q = Q©M q ; 

A a convex n-dimensional polyhedron in Mq with integral vertices (i.e., all vertices of 
A are elements of M); 

voIm A (or d(A)) the volume of the polyhedron A relative to the integral lattice M, we 
call it the degree of the polyhedron A relative to M; 

C A = U {(x , an, • • • , x n ) e Q © M Q I (xi/xq, x n /x ) E A, x > 0} the (n + 1)- 
dimensional convex cone supporting A; 

Sa the the graded subring of C[X , X^ 1 , . . . , X^ 1 } with the C-basis consisting of mono- 
mials X^X? 1 ■ ■ ■ X™" such that (m , m 1 ,...,m n )e C A ; 

Pa,m (or Pa) = Proj 5a be an n-dimensional projective toric variety corresponding to 
the graded ring Sa; 

Ca(1) the ample invertible sheaf on Pa m corresponding to the graded SA-module 
Sa(-1); 

be an arbitrary /-dimensional polyhedral face of A (/ < n); 

T e the corresponding /-dimensional T-orbit in Pa; 

Pe the /-dimensional toric variety which is the closure of Te; 

Pa = Ucodime=i P© = Ucodim0<« Te- 

Althought, the definition of toric varieties Pa associated with integral polyhedra A is 
very simple, it is not always convenient. Notice that a polyhedron A defines not only the 
corresponding toric variety Pa, but also the choice of an ample invertible sheaf Ca(1) on 
Pa and an embedding of Pa into a projective space. In general, there exist infinitely many 
different ample sheaves on Pa- As a result, there are infinitely many different integral 
polyhedra defining isomorphic toric varieties (one can take, for example, multiples of A : 
kA, k = 1,2, . . .). If we want to get a one-to-one correspondence between toric varieties 
and some combinatorial data, we need covariant definition of toric varieties in terms of fans 
E of rational polyhedral cones. This approach to toric varieties gives more possibilities, 
it allows, for example, to construct affine and quasi-projective toric varieties as well as 
complete toric varieties which are not quasi-projective. 

N = Horn (M, Z) the dual to M lattice; 

(*, *) : Mq x Nq — > Q the nondegenerate pairing between the n-dimensional Q-spaces 
M Q and N Q ; 

a an r-dimensional (0 < r < n) convex rational polyhedral cone in Nq having G Nq 

as vertex; 

& the dual to a n-dimensional cone in Mq; 

A CT) jv (or A a ) = Spec [a fl M] an n-dimensional affine toric variety associated with the 
r-dimensional cone cr; 

N(a) minimal r-dimensional sublattice of N containing a D N; 

^-a,N(a) the r-dimensional affine toric variety corresponding to a C N{o)q (Ajv( ct ) = 
C?- ; xV (ff) ); 

E a finite rational polyhedral fan of cones in Nq; 
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EW the set of all i-dimensional cones in E; 

E^ the subfan of E consisting of all cones a G E such that dim a < i; 
Pe,tv (or Pe) n-dimensional toric variety obtained by glueing of affine toric varieties 
A CT) jv where a G S; 

P|' the open toric subvariety in P s corresponding to E^. 

Inspite of the fact that the definition of toric varieties via rational polyhedral fans is 
more general than via integral polyhedra, we will use both definitions. The choice of a 
definition in the sequel will depend on questions we are interested in. In one situation, it 
will be more convenient to describe properties of toric varieties and their subvarieties in 
terms of integral polyhedra. In another situation, it will be more convenient to use the 
language of rational polyhedral fans. So it is important to know how one can construct a 
fan S(A) from an integral polyhedron A, and how one can construct an integral polyhedron 
A(E) from a rational polyhedral fan E. 

The first way A => E(A) is rather simple: 

Proposition 2.1.1 For every I -dimensional face C A, define the convex n- dimensional 
cone C Mq consisting of all vectors \(p — p'), where A G Q>o ; J) G A, p' G 0. Let 

o"(@) C Nq be the (n — I) -dimensional dual cone relative to <5"(0) C Mq. 

The set S(A) of all cones c(Q), where O runs over all faces of A, determines the 
complete rational polyhedral fan defining the toric variety Pa- 

The decomposition of Pa into a disjoint union of T-orbits Te can be reformulated via 
cones cr(6) in the fan S(A) = E as follows. 

Proposition 2.1.2 Let A be an n-dimensional M-integral polyhedron in Mq, E = S(A) 
the corresponding complete rational polyhedral fan in Nq . Then 

(i) For any face 6 C A, the affine toric variety A CT (e),jv is the minimal T -invariant 
affine open subset in Pe containing T -orbit T®. 

(ii) Put T CT := T CT (e). There exists a one-to-one correspondence between s-dimensional 
cones a G E and (n — s)- dimensional T-orbits T CT such that T a i is contained in the closure 
of T CT if and only if a is a face of a' . 

(iii) 

Pg= (J t ct 

dim a<i 

is an open T-invariant subvariety in Ps = Pa ; and 

P E \Pg=P» 



Let us now consider another direction E =^ A(E). In this case, in order to construct 
A(E) it is not sufficient to know only a complete fan E. We need a strictly upper convex 
support function h : A^q — > Q. 



6 



Definition 2.1.3 Let S be a rational polyhedral fan and let h : Nq — > Q be a function 
such that ft is linear on any cone ucE. In this situation h is called a support function for 
the fan E. We call h integralif h(N) C Z. We call ft, upper convexii h(x + x f ) < h(x) + h(x') 
for all x, x' G Aq. Finally, ft is called strictly upper convex if ft is upper convex and for any 
two distinct n- dimensional cones a and a' in E the restrictions ft CT and h a > of ft on a and 
<t' are different linear functions. 



Remark 2.1.4 By general theory of toric varieties |41 
correspond to T-invariant Q-Cartier divisors on 



, support functions one-to-one 
A divisor is a T-invariant 



Cartier divisor (or T-linearized invertible sheaf) if and only if ft is integral. is numeri- 
cally effective if and only if ft is upper convex. Strictly upper convex support functions ft 
on a fan E one-to-one correspond to T-linearized ample invertible sheaves O(Dh) over P^. 



The next proposition describes the construction of a polyhedron A from a fan E supplied 
with a strictly convex support function ft. 



Proposition 2.1.5 Let the convex polyhedron A = A(E, ft) to 6e defined as follows 

A(s,ft)= n 

o-e£(™) 

where integral linear functions h a : A — > Z are considered as elements of the lattice M. 
Then one has P A = Ps and C A (1) S 



We have seen already that the construction of an integral polyhedron A from a fan E 
such that Pa — Ps is not unique and depends on the choice of an integral strictly upper 
convex support function ft. However, there exists an important case when we can make a 
natural choice of ft. 

Indeed, for every Q-Gorenstein toric variety Pe we have the unique support function 
hx corresponding to the anticanonical divisor — = Ps \ T. 

Definition 2.1.6 A toric variety P^ is said to be a toric Q-Fano variety if the anticanonical 
support function hx is strictly upper convex. A toric Q-Fano variety is called a Gorenstein 
toric Fano variety if h K is integral. 

With a toric Q-Fano variety, one can associate two convex polyhedra: 

A(s,ft x )= n 

o-es(") 

and 

A*(J:,h K ) = {yeN Q \h K (y)<l}. 
The polyhedra A(E, hx) and A*(E, Hk) belong to Mq and Nq respectively. 

7 



2.2 Singularities and morphisms of toric varieties 



Definition 2.2.1 Let er g Sigma be an r-dimensional cone in iVq. We denote by p a the 
unique T/T CT -invariant point on the r-dimensional affine toric variety A cr jv(cr) 

Since A a)N splits into the product 

(C*) n s x A (TjA r( (T ), 

open analytical neighbourhoods of any two points p,p' G TV are locally isomorphic. There- 
fore, it suffices to investigate the structure of toric singularities at points p a where a runs 
over cones of E. 



The following two propositions are due to M. Reid [42 



Proposition 2.2.2 Let n\, . . . , n r G iV (r > s) be primitive N -integral generators of all 
1- dimensional faces of an s- dimensional cone a. 

(i) the point p a G A CT) jv( ct ) is Q-factorial (or quasi-smooth) if ond only if the cone o is 
simplicial, i.e., r = s; 

(ii) the point p a G A CT) jv( ct ) is Q-Gorenstein if ond only if the elements rii, . . . ,n r are 
contained in an affine hyperplane 

H a : {y E N Q \ (k a ,y) = 1}, 

for some k a G Mq (note that when dim a = dimiV, the element k a is unique if it exists). 
Moreover, A a ^^ is Gorenstein if and only if k a G M . 

Remark 2.2.3 If Ps is a Q-Gorenstein toric variety, the elements k a G Mq (a G E^) 
define together the support function h K on iVq such that the restriction of hx on a G 
is k a . The support function Hk corresponds to the anticanonical divisor on P^. 



Proposition 2.2.4 Assume that A CTj at(o-) is Q-Gorenstein (see |2.2.^ (ii)) ; then 

(i) A fTi Ar( (T ) has at the point p a at most terminal singularity if and only if 

N n a n {y G N Q | (k a , y) < 1} = {0, m, . . . , n r }- 

(ii) A - iA r( cr ) has at the point p a at most canonical singularity if and only if 

Nnan{yeN Q I (k a ,y) < 1} = {0}. 



Using 2.2.2 and 2.2.4, we obtain: 



Corollary 2.2.5 Any Gorenstein toric singularity is canonical. 



S 



Definition 2.2.6 Let S be a fc-dimensional simplex in Q™ (k < n) with vertices in Z n , 
A(S) the minimal fc-dimensional affine Q-subspace containing S. Denote by Z(S') the fc- 
dimensional lattice A(S) H Z™. We call P elementary if S H Z(S') contains only vertices of 
S 1 . We call 5 regular if the degree of 5 relative to Z(S') is 1. 

It is clear that every regular simplex is elementary The converse is not true in general. 
However, there exists the following easy lemma. 

Lemma 2.2.7 Every elementary simplex of dimension < 2 is regular. 

By [2~2l>l and we obtain: 

Proposition 2.2.8 Let Ps be a toric variety with only Q-Gorenstein singularities, i.e., 
for any cone o G £ let the corresponding element k a G Mq be well-defined ( |2.2.2j (ii)). Then 

(i) Ps has only Q-factorial terminal singularities if and only if for every cone a G £ 
the polyhedron 

P a = an{yeN Q \ (k a ,y)<l} 

is an elementary simplex. 

(ii) Ps is smooth if and only if for every cone a G £ i/je polyhedron 

P a = an{yeN Q \ (k a ,y) < 1} 

zs a regular simplex. 



Theorem 2.2.9 Lei Ps &e a tone variety. 

(i) Pe is smooth. 

[21 

(ii) //Pe on/y terminal singularities, then the open toric subvariety P^ is smooth. 

(iii) // Ps /ias oniy Gorenstein Q-factorial terminal singularities, then the open toric 
subvariety P® smooth. 

We recall a combinatorial characterization of toric morphisms between toric varieties. 

Let <p : N' — > N be a morphism of lattices, S a fan in Nq, £' a fan in iVq. Suppose 
that for each a' G £' we can find a a G £ such that (f(cr') C c. In this situation there arises 
a morphism of toric varieties 

Example 2.2.10 Proper birational morphisms. Assume that ip is an isomorphism of lat- 
tices and </>(£') is a subdivision of S, i.e., every cone cr G S is a union of cones of <£>(£')■ In 
this case is a proper birational morphism. Such a morphism we will use for constructions 
of desingularizations of toric singularities. 



Definition 2.2.11 Let <p : W — > W be a proper birational morphism of normal Q- 
Gorenstein algebraic varieties. The morphism ip is called crepant if <p*Kw = Ky/ 1 (Kw an d 
Ky/' are canonical divisors on W and W respectively). 
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Using the description in |2.2.3| of support functions corresponding to anticanonical divi- 
sors on Ps and Pjy, we obtain. 



Proposition 2.2.12 A proper birational morphism of Q-Gorenstein toric varieties 

4> : P E ,^ P s 

is crepant if and only if for every cone a G all 1- dimensional cones a' G £' which are 
contained in a are generated by primitive integral elements from N (1 H a (see 2.2.2| (ii)). 



Definition 2.2.13 Let if : W — > W be a projective birational morphism of normal 
Q-Gorenstein algebraic varieties. The morphism ip is called a maximal projective crepant 
partial desingularization (MPCP-desingularization) of W if is crepant and W has only 
Q-factorial terminal singularities. 

Our next purpose is to define some combinatorial notions which we use to construct 
MPCP-desingularizations of Gorenstein toric varieties (see |2.2.24| ). 

Definition 2.2.14 Let A be a finite subset in A n Z ra . We call A admissible if it contains 
all vertices of the integral polyhedron A. 



Definition 2.2.15 Let A be an admissible subset in A n Z n . By an A-triangulation of 
A C Q n we mean a finite collection T = {9} of simplices with vertices in A having the 
following properties: 

(i) if 9' is a face of a simplex 9 G T, then 9' G T; 

(ii) the vertices of each simplex 9 G T lie in A PI Z n ; 

(iii) the intersection of any two simplices 9\, 9% G T either is empty or is a common face 
of both; 

(iv) A = {JeerO; 

(v) every element of A is a vertex of some simplex 9 G T. 



Definition 2.2.16 An A-triangulation T of an integral convex polyhedron A C Q n is 
called maximal if A = A fl Z n . 



Remark 2.2.17 Note that T is a maximal triangulation of A if and only if every simplex 
9 G T is elementary. Therefore, if T is a maximal triangulation of A, then for any face 
C A the induced triangulation of G is also maximal. 

Assume that A is admissible. Denote by Q A the Q-space of functions from A to Q. Let 
T be a triangulation of A. Every element a G Q A can be uniquely extended to a piecewise 
linear function a(T) on A such that the restriction of ct(T) on every simplex 9 G T is an 
affine linear function. 
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Definition 2.2.18 Denote by C{T) the convex cone in Q A consisting of elements a such 
that ot(T) is an upper convex function. We say that a triangulation T of A is projective if 
the cone C(T) has a nonempty interior. In other words, T is projective if and only if there 
exists a strictly upper convex function a{T). 



Proposition 2.2.19 [2U| Lei A fre an integral polyhedron. Take an admissible subset A in 
An Z n . Then A admits at least one projective A-triangulation, in particular, there exists 
at least one maximal projective triangulation of A. 



Remark 2.2.20 In the paper Gelfand, Kapranov, and Zelevinsky ||20|| , it has been used 
the notion of a regular triangulation of a polyhedron which is called in this paper a projective 



triangulation. The reason for such a change of the terminology we will see in |2.2.24 



Example 2.2.21 Finite morphisms. Assume that <fi is injective, 4>(N') is a sublattice of 
finite index in N, and </>(£') = S. Then is a finite surjective morphism of toric varieties. 
This morphism induces an etale covering of open subsets 

P [i] _^ pW 

with the Galois group Coker [N f — > AT]. 

Recall the following description of the fundamental group of toric varieties. 

Proposition 2.2.22 TTie fundamental group of a toric variety Ps is isomorphic to the 
quotient of N by sum of all sublattices N(a) where a runs over all cones a G E. In partic- 
ular, the fundamental group of the non-singular open toric subvariety P^ is isomorphic to 
the quotient of N by sublattice spanned by all primitive integral generators of \- dimensional 
cones a G E^. 



We will use the following characterization of toric Fano varieties in terms of he polyhedra 
A(£,/uf) and A*(E,/i K )- 

Proposition 2.2.23 A complete toric variety Ps with only Q-Gorenstein singularities is 
a Q-Fano variety (see [2.1. 6| ) if and only if A(E, h K ) is an n-dimensional polyhedron with 
vertices —k a one-to-one corresponding to n-dimensional cones a G E. In this situation, 

(i) Pe is a Fano variety with only Gorenstein singularities if and only if all vertices of 
A(E, hx) belong to M, in particular, P^ = Pa(e,/i k )- 

(ii) Ps is a smooth Fano variety if and only if for every n-dimensional cone a G E^ 
the polyhedron A*(E, hx) Ha is a regular simplex of dimension n. 

Now we come to the most important statement which will be used in the sequel. 



11 



Theorem 2.2.24 Let Ps be a toric Fano variety with only Gorenstein singularities. Then 
Pe admits at least one MPCP-desingularization 



Moreover, MPCP-desingularizations o/Ps are defined by maximal projective triangulations 
of the polyhedron A*(E, h^), where Hk the integral strictly upper convex support function 
associated with the anticanonical divisor P^ \ T on P^. 

Proof. Define a finite subset A in N as follows 

A = {y G N | h K (y) < 1} = N n A*(E, h K ). 

It is clear that A is an admissible subset of A*(E, Hk)- By p . 2 . 1 9| , there exists at least 
one projective A-triangulation T of A*(E, Hk)- Let B be the boundary of A*(E, Hk)- For 
every simplex 9 G B, we construct a convex cone oq supporting 9. By definition [2.2. 15| , the 
set of all cones o~g {9 G T n B) defines a fan E' which is a subdivision of E. 

Since generators of 1-dimensional cones of E are exactly elements of AnB, the morphism 
Ps' — * Ps is crepant (see |2.2.12| ). 



By p. 2. 18 , there exists a strictly upper convex function a(T). We can also assume that 
ct(T) has zero value at G N. Then a(T) defines a strictly convex support function for 
the fan E'. Thus, Ps> is projective. 

By |2.2.8| (i) and |2.2.17| , we obtain that the morphism P^' — > Ps is a MPCP-desingulari- 
zation. 

By similar arguments, one can prove that any MPCP-desingularization defines a max- 
imal projective triangulation of A*(E, ha)- 



3 Hypersurfaces in toric varieties 
3.1 Regularity conditions for hypersurfaces 



A Laurent polynomial / = f(X) is a finite linear combination of elements of M 

f(x) = Y^c m x m 

with complex coefficients c m . The Newton polyhedra A(/) of / is the convex hull in 
Mq = M (g) Q of all elements m such that c m ^ 0. Every Laurent polynomial / with the 
Newton polyhedron A defines the affine hypersurface 

Z fA = {X G T | f\X) = 0}. 

If we work with a fixed Newton polyhedron A, we denote Zf A simply by Zf. 

Let Zf A be the closure of Zf A C T in Pa- For any face 6 C A, we put Z^q = 
Zf,A H Te- So we obtain the induced decomposition into the disjoint union 

Zf,A = (J Z f&- 
0CA 
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Definition 3.1.1 Let L(A) be the space of all Laurent polynomials with a fixed Newton 
polyhedron A. A Laurent polynomial / G L(A) and the corresponding hypersurfaces 
Z fjA C T A , Z f : A C Pa are said to be A-regular if for every face 6 C A the afhne variety 
Zf t Q is empty or a smooth subvariety of codimension 1 in Te- Affinc varieties Z^q are 
called the strata on Z^a associated with faces C A. 

Remark 3.1.2 Notice that if / is A-regular, then Zf t & = if and only if dim 6 = 0, i.e., 
if and only if O is a vertex of A. 

Since the space L(A) can be identified with the space of global sections of the ample 
sheaf C? A (1) on Pa> using Bertini theorem, we obtain: 

Proposition 3.1.3 The set of A-regular hypersurfaces is a Zariski open subset in L(A). 

We extend the notion of A-regular hypersurfaces in P A to the case of hypersurfaces in 
general toric varieties Ps associated with rational polyhedral fans E. 

Definition 3.1.4 Let Z f t x be the closure in P s of an affine hypersurface Zf defined by a 
Laurent polynomial /. Consider the induced decomposition into the disjoint union 

z f,z = U z f,<n 

where Z^ a = Zf^ n T CT . A Laurent polynomial / and the corresponding hypersurfaces 
Zf C T, Zfp C Ps are said to be Y^-regular if for every s-dimensional cone a G E the 
variety Z^ a is empty or a smooth subvariety of codimension 1 in T CT . In other words, Zf^ 
has only transversal intersections with all T-orbits TV (a G E). Affine varieties Z^ a are 
called strata on Z j^, associated with the cones a C E. 

Denote by z|*' s the open subvariety in Zf^ defined as follows 

z%-= U ^ = ^np|. 

Let a be an s-dimensional cone in E. If we apply the implicit function theorem and 
the standard criterion of smoothness to the affine hypersurface Z^ a C T a contained in the 
open n-dimensional affine toric variety 

then we obtain: 

Theorem 3.1.5 Small analytical neighbourhoods of points on a (n — s — 1) -dimensional 
stratum Zf a C Zf^ are analytically isomorphic to products of a (s — 1)- dimensional open 
ball and a small analytical neighbourhood of the point p a on the (n — s)- dimensional affine 
toric variety A^ N ^ . 
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For the case of A-regular hypersurfaces in a toric variety Pa associated with an integral 
polyhedron A, one gets from |2.1.1| the following. 

Corollary 3.1.6 For any I -dimensional face 6 C A, small analytical neighbourhoods of 
points on the (/ — 1)- dimensional stratum Zf t Q C Z/,a are analytically isomorphic to prod- 
ucts of a (I — 1)- dimensional open ball and a small analytical neighbourhood of the point 
Pcr(e) on the (n — I) -dimensional affine toric variety A (T (e) i Ar( (T (e))- 



Applying |2.2.9| , we also conclude: 



Corollary 3.1.7 For any T,-regular hypersurface Z f ^, C Ps, the open subset Z^\. consists 
of smooth points of Z . Moreover, 

[21 

(i) Zfz consists of smooth points ifP-s has only terminal singularities. 

(ii) z| 3 ^ consists of smooth points i/P^ has only Q-factorial Gorenstein terminal sin- 
gularities. 

(hi) zj n s = Zf^ is smooth if and only i/P^ -1 ' is smooth. 



3.2 Birational and finite morphisms of hypersurfaces 



Proposition 3.2.1 Let <fi : E' — > E 6e a subdivision of a fan E, 

: P E ' ^ Ps 

i/ie corresponding proper birational morphism. Then for any H-regular hypersurface Zf<Z 
Pe the hypersurface Z^j C Ps' E' -regular. 

Proof. The statement follows from the fact that for any cone a' G E' such that <p{cr') C 
o~ G E, one has 

Z~ V ff~~**\ dim it— dim it' 

^* /,<7' = Z /,<^ X J 



One can use |3.1.7| and |3.2.1| in order to construct partial desingularizations of hyper- 
surfaces Zfp. 

Proposition 3.2.2 Let Pe be a projective toric variety with only Gorenstein singularities. 
Assume that 

4> : P E ' -> P E 

is a MPCP-desingularization o/Ps- TTien Z^^, is a MPCP-desingularization of Zf^. 



Proof. By [2.2.2| , |2.2.4j , |3.1.5| , Z^s has at most Gorenstein singularities and Z^*^, has 
at most Q-factorial terminal singularities. It suffuces now to apply the adjunction formula. 
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Proposition 3.2.3 Let <fi : N' ^ N be a surjective homomorphism of n- dimensional 
lattices, £ a fan in Nq, £' a fan in Nq. Assume that </>(£') = E. Lei 



6e t/te corresponding finite surjective morphism of toric varieties. Then for any Yi-regular 
hypersurface Zf in Pe the hypersurface 



is £' '-regular. 



Proof. It is sufficient to observe that for any cone a G £ = X' the affine variety 
^4>*f,cT * s an stale covering of Z/ )(T whose Galois group is isomorphic to the cokernel of the 
homomorphism N'(a) — > N(a) (see [2.2. 21|) . 



3.3 The Hodge structure of hypersurfaces 

We are interested now in the calculation of the cohomology groups of A-regular hyper- 
surfaces Zf in toric varieties Pa- The main difficulty in this calculation is connected with 
singularities of Z f. So we will try to avoid singularities and to calculate cohomology groups 
not only of compact compact hypersurfaces Zf, but also ones of some naturally defined 
smooth open subsets in Z f. For the last purpose, it is more convenient to use cohomology 
with compact supports which we denote by H l c {*). 

First we note that there exists the following analog of the Lefschetz theorem for A- 



regular hypersurfaces proved by Bernstein, Danilov and Khovanskii [15| . 
Theorem 3.3.1 For any open toric subvariety U C Pa? the Gysin homomorphism 

W c {Zf nu)^ H[ + \U) 
is bijective for i > n — 1 and injective for i = n — 1 . 

Using this theorem, one can often reduce the calculation of cohomology groups H l (or 
HI) to the "interesting" case i = n — 1. We consider below several typical examples of such 
a situation. 

Example 3.3.2 Let U be a smooth open toric subvariety in Pa (e.g., U = T). Then 
V = U D Zf is a smooth affine open subset in Zf. By general properties of Stein varieties, 
one has H l (V) = for i > n — 1. Since the calculation of cohomology groups of smooth 
affine toric varieties is very simple, we obtain a complete information about all cohomology 
groups except for i = n — 1 using the following property. 
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Proposition 3.3.3 Let W be a quasi-smooth irreducible k- dimensional algebraic variety. 
Then there exists the Poincare pairing 

H l c {W) ® H 2k ~\W) -> Hf{W) = C. 

This pairing is compatible with Hodge structures, where H 2k {W) is assumed to be a 1- 
dimensional C-space of the Hodge type (k, k). 

If we take U = T, then V = Zf. The Euler characteristic of Zf was calculated by 
Bernstein, Khovanskii and Kushnirenko [53], [25|. 



Theorem 3.3.4 e(Z f ) = E^-l^dim = (-l) n_1 d M (A). 

In particular, we obtain: 
Corollary 3.3.5 The dimension of H n ~ x {Zf) is equal to djw(A) + n — 1. 

Definition 3.3.6 Let P be a compact convex subset in Mq. Denote by l(P) the number of 
integral points in P (1 M , and by l*(P) the number of integral points in the interior of P. 

There exist general formulas for the Hodge-Deligne numbers h p,q (Zf) of the mixed Hodge 
structure in the (n — l)-th cohomology group of an arbitrary A-regular affine hypersurface 
in T (Danilov and Khovanskii For the numbers h n ~ 2,1 (Zf) and h n ~ 2 '°(Zf), we get 



the following (see |L5|], 5.9). 
Proposition 3.3.7 Let dim A = n > A, then 

h n - 2 ^(Z f ) + h n - 2fi (Z f ) = T(2A) - (n + i)r(A), 

h n - 2 >°(z f )= £ r(e). 

codim 0=1 



We will use in the sequel the following properties of the numbers h p,q (H k (Zf)) of affine 
hypersurfaces for cohomology with compact supports (see fll"5|): 



Proposition 3.3.8 The Hodge-Deligne numbers h v ' q {H k {Zf) of A-regular {n — ^-dimen- 
sional affine hypersurfaces Zf satisfy the properties: 

(i) hV' q {H k {Z f ) = forp^q and k > n-l; 

(ii) h p ' q (H k (Z f )) = for k < n - 1; 

(iii) hP' q (H^-\Z f ) = for p + q > n - 1. 



Although we consider the mixed Hodge structure in the cohomology group of the affine 
hypersurface Zf, we get eventually some information about the Hodge numbers of compact- 
ifications of Zf. From general properties of the mixed Hodge structures [16[], one obtains: 
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Theorem 3.3.9 Let Z be a smooth compactification of a smooth affine (n — 1) - dimensional 
variety Z such that the complementary set Z\Z is a normal crossing divisor. Let 

j : Z^Z 

be the corresponding embedding. Denote by 

f : E n - x {Z) -> H n ~\Z) 

the induced mapping of cohomology groups. Then the weight subspace W n -iH n ' 1 (Z) coin- 
cides with the image j*(H n ~ l (Z)) . In particular, one has the following inequalities between 
the Hodge numbers of Z and the Hodge-Deligne numbers of Z: 

h n-i- k ,k^ > h n - l - k > k (H n -\Z)) (0 < k < n - 1). 



4 Calabi-Yau hypersurfaces in toric varieties 
4.1 Reflexive polyhedra and reflexive pairs 

Definition 4.1.1 If P is an arbitrary compact convex set in Mq containing the zero vector 
G Mq in its interior, then we call 

P* = {y E Nq I (x, y) > -1, for all x E P}. 

the dual set relative to P. 

The dual set P* is a convex compact subset in A^q containing the vector zero G Nq 
in its interior. Obviously, one has (p*)* = P. 

Example 4.1.2 Let E be a Euclidian n-dimensional space, (*, *) the corresponding scalar 
product, 

P = {x\ (x,x) < R} 

the ball of radius R. Using the scalar product, we can identify the dual space E* with E. 
Then the dual set P* is the ball of radius 1/P. 

Proposition 4.1.3 Let P C Mq be a convex set containing in its interior, Cp C Mq 
the convex cone supporting P , Nq = Q © A^q the dual space, Cp* C A^q the convex cone 
supporting P* C A^q. Then Cp* is the dual cone relative to Cp. 
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Proof. Let x = (xq,x) G Mq, y = (yo,y) G Mq. Since xo and yo are positive, one has 
x E C P x/x G P and y G C P * <^> j//y G P*. 
Therefore, = x 2/o + (^,2/) > if and only if (x/x ,y/y ) > -1. 

Definition 4.1.4 Let P be a rational affine hyperplane in Mq, p G Mq an arbitrary 
integral point. Assume that P is affmely generated by integral points P fl M, i.e., there 
exists a primitive integral element I G iV such that for some integer c 

P = {x G M Q | (x,l) = c}. 

Then the absolute value | c — (p, I) | is called the integral distance between P and p. 

Definition 4.1.5 Let M be an integral n-dimensional lattice in Mq, A a convex integral 
polyhedron in Mq containing the zero G Mq in its interior. The pair (A, M) is called 
reflexive if the integral distance between and all affine hyperplanes generated by (n — 1)- 
dimensional faces of A equals 1. 

If (A, M) is a reflexive pair, then we call A a reflexive polyhedron. 



The following simple property of reflexive polyhedra is very important. 

Theorem 4.1.6 Suppose that (A, M) is a reflexive pair. Then (A*, N) is again a reflexive 
pair. 

Proof. Let G>i, . . . , 0^ be (n — l)-dimensional faces of A, P 1; . . . , P& the corresponding 
affine hyperplanes. By 4.1.5| , there exist integral elements h, . . . ,lk G iVQ such that for all 



1 < i < k 

6, = {x G A | (x, k) = 1}, Hi = {x G M Q I (x, k) = 1}. 

Therefore, 

A = {x G M Q I (x, k) < 1 (1 < % < k)}. 

So A* is a convex hull of the integral points l\, . . . , 4, i.e., A* is an integral polyhedron. 
Let pi, . . . ,p m be vertices of A. By |4.1.1| , for any j (1 < j < m) 

Sj = {ifeA'|( PjI j,) = l} 

is a (n — l)-dimensional face of A*. Thus, A* contains G A^q in its interior, and the 
integral distance between and every (n — l)-dimensional affine linear subspace generated 
by (n — l)-dimensional faces of A* equals 1. 

We can establish the following one-to-one correspondence between faces of the polyhedra 
A and A*. 
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Proposition 4.1.7 Let be an I -dimensional face of an n- dimensional reflexive polyhe- 
dron A C Mq, pi, . . . ,pk are vertices of 0, A* G Nq the dual reflexive polyhedron. 
Define the dual to (n — I — 1)- dimensional face of A* as 

e* = {yeA*\(p u y) = --- = (p k ,y) = -l}. 

Then one gets the one-to-one correspondence «-» 0* between faces of the polyhedra A 
and A* reversing the incidence relation of the faces. 



Definition 4.1.8 A complex normal irreducible n-dimensional projective algebraic variety 
W with only Gorenstein canonical singularities we call a Calabi- Yau variety if W has trivial 
canonical bundle and 

H { (W, O w ) = 

for < i < n. 



The next theorem describes the relationship between reflexive polyhedra and Calabi- 
Yau hypersurfaces. 



Theorem 4.1.9 Let A be an n-dimensional integral polyhedron in Mq, Pa the corre- 
sponding n-dimensional projective toric variety, J~(A) the family of projective A-regular 
hypersurfaces Z f in Pa- Then the following conditions are equivalent 

(i) the family J 7 (A) of A- hypersurfaces in Pa consists of Calabi- Yau varieties with 
canonical singularities (see [4.1.81) ; 

(ii) the ample invertible sheaf 0^(1) on the toric variety Pa is anticanonical, i.e., Pa 
is a toric Fano variety with Gorenstein singularities; 

(iii) A contains only one integral point m in its interior, and (A — m , M) is a reflexive 
pair. 



Proof. Since Zf is an ample Cartier divisor on Pa, 
formula. 



(ii) follows from the adjunction 



The equivalence (ii)-v^(iii) follows from p. 2. 23 . 
Assume that (ii) and (iii) are satisfied. Let us prove (i). 



By the adjunction formula, it 
follows from (ii) that every hypersurface Zf has trivial canonical divisor. By the vanishing 
theorem for arbitrary ample divisors on toric varieties [14], one gets 



H\Z h Qz 







for < i < n — 1. By |3.1.6| , singularities of Zf are analytically isomorphic to toric 
singularities of Pa- Since all singularities of Pa are Gorenstein, by |2.2.5| , they are also 
canonical. So every A-regular hypersurface satisfies [4.1.8. 



The next statement follows from definitions of the polyhedra A(S, hx) and A*(S, hx). 
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Proposition 4.1.10 Let (A, M) be a reflexive pair, (A*,N) the dual reflexive pair, E the 
rational polyhedral fan defining the corresponding Gorenstein toric Fano variety Pa- Then 

A(E, h K ) = A, 

A*(E,/i K ) = A*. 

In particular, if E* zs a rational polyhedral fan defining the Gorenstein toric Fano variety 
Pa* ; then 

A(Z,h K )=A*(Z*,h K ) 

and 

A(E*,h K ) = A*(Z,h K ). 

Thus, in order to construct a rational polyhedral fan E(A) corresponding to a reflexive 
polyhedron A, one can use the following another way: we take the dual reflexive polyhedron 
A* and apply the statement 

Corollary 4.1.11 Let A C Mq be a reflexive polyhedron, A* the dual reflexive polyhedron 
in Nq. For every I -dimensional face of A* define the (I + 1)- dimensional convex cone 
ct[0] supporting the face as follows 

a[&] = {Ax 6 Mq I x 6 6, AG Q> }. 

Then the set E[A*] of all cones cr[0] where runs over all faces of A* is the complete fan 
defining the toric Fano variety Pa associated with A. Moreover, every (I + 1)- dimensional 
cone a[0] coincides with cr(G*) (see |2.1.1| ), where 0* C A is the dual to (n — I — 1)- 
dimensional face of A (see |4.1.7|) . 

There is the following finiteness theorem for reflexive polyhedra. 

Theorem 4.1.12 There exist up to an unimodular transformation of the lattice M only 
finitely many reflexive pairs (A, M) of fixed dimension n. 



This statement follows from the finiteness theorem in H, or from results in [11, 25 . 



4.2 Singularities and morphisms of Calabi-Yau hypersurfaces 



Let A be a reflexive polyhedron, A* the dual reflexive polyhedron. Take a maximal 
projective triangulation T of A. It follows from the proof of 2.2.24 that T defines a 
MPCP-desingularization 

y?r : Pa -> Pa 

of the Gorenstein toric variety Pa- Let Z f be a A-regular Calabi-Yau hypersurface in Pa- 
Put _ 



By 3.2.2, 



ip r : Zf 



is a MPCP-desingularization of Z f. 
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Definition 4.2.1 We will call 

Lp r : Zf -> Z/ 

the toroidal MPCP-desingularization of Z j corresponding to a maximal projective triangu- 
lation T of A*. 

Using p.2.24| and |2.2.9| (ii), one gets the following. 

Theorem 4.2.2 There exist at least one toroidal MPCP-desingularization Zf of any A- 
regular Calabi-Yau hypersurface in Pa- Such a MPCP-desingularization Zf corresponds 
to any maximal projective triangulation T of the dual polyhedron A* . The codimension of 
singularities of Zf is always at least A. 



Corollary 4.2.3 A toroidal MPCP-desingularization of a projective Calabi-Yau hyper- 
surace Zf associated with a reflexive polyhedron A of dimension n < 4 is always a smooth 
Calabi-Yau manifold. 

Let T be a maximal projective triangulation of A*. For any Z-dimensional face of A, 
the restriction of T on the dual (n— I — l)-dimensional face B* C A* is a maximal projective 
triangulation T |e* of O*. By 3.1.5| , the analytical decription of singularities along a stratum 



ZfQ as well as of their MPCP-desingularizations reduces to the combinatorial description 
of a MPCP-desingularization of the toric singularity at the unique closed T CT -invariant 
point p a on the (n — Z)-dimensional affine toric variety A a>N ( a ^, where a = a[Q*]. So we 
introduce the following definition. 

Definition 4.2.4 We call the face 0* of the polyhedron A the diagram of the toric sin- 
gularity at p a G A <Tj 7v(<t)- A maximal projective triangulation T |e* of 0* induced by 
a maximal projective triangulation T of A* we call a triangulated diagram of the toric 
singularity at p a G A ajN ^y 



We have seen already in |3.1.6| that for any face C A and any A-regular Laurent 
polynomial / G L(A) local neighbourhoods of points belonging to the same stratum Zf t & 
are analitically isomorphic. Thus, if a stratum Zf y & consists of singular points of Zf, then all 
these singularities are analitically isomorphic. Our purpose now is to describe singularities 
along Zf ® and their MPCP-desingularizations in terms of triangulated diagrams. 

Let T |e* be a triangulated diagram. Then we obtain a subdivision E(T, 0) of the cone 
a = <t[0*] into the union of subcones supporting elementary simplices of the triangulation 
T |e*. By |2.2.10| , one has the corresponding projective birational toric morphism 

<fT,e* '■ Ps(T,0) — > A. a>N ( a y 



Theorem 4.2.5 For any l-dimensional face C A and any closed point p G Zf y Q, the 
fiber ^^(p) °f a MPCP-desingularization tp? is isomorphic to the fiber <fT,e*(Pa) of the 
projective toric morphism ipr,e* ■ 

The number of irreducible (n — I — 1)- dimensional components of cp^- 1 (p) equals /*(©*), 
i.e., the number of integral points in the interior of Q* . Moreover, the Euler characteristic 
of(p^- 1 (p) equals the number of elementary simplices in the triangulated diagram T |e*. 
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Proof. Since <pr : Pa — > Pa is a birational toric morphism, the T-action induces 
isomorphisms of fibers of (fr over closed points of a T-stratum Te. Thus, we obtain 
isomorphisms between fibers of ipr over closed points of Zj® C T e . By |2.1.2| (i), T e 
is contained in the T-invariant open subset A a ^ — Te x A^^o-)- Thus, we have a 
commutative diagram 

(fr (A CT) jv) — > A CT)iV 
i i 

Ps(T,8) - * A . ) jv( ct ) 

whose vertical maps are divisions by the action of the torus Te- So the fiber tpj^ip) over any 
closed point p G T e * is isomorphic to the fiber y^re* (Po) of the projective toric morphism 
ipr,e*- Therefore, irreducible divisors of Ps(r,e) over p CT one-to-one correspond to integral 
points in the interior of 0*. 

On the other hand, the toric morphism ipr,e* has an action the (n — I) -dimensional 
torus T = Ker [T — > Te]. Since the closed point p a G A CT jv(o-) is T e -invariant, one 
has a decomposition of the fiber fr\e*ip<y) m t° the union of T' -orbits. Thus the Euler 
characteristic of V ? r 1 e*(Po-) is the number of zero-dimensional T' e -orbits. The latter equals 
the number of (n— /)-dimensional cones of S(T, G), i.e., the number of elementary simplices 
in the triangulated diagram T | e *. 



Example 4.2.6 Let be an (n — 2)-dimensional face of a reflexive polyhedron A, and let 
0* be the dual to 1-dimensional face of the dual polyhedron A*. There exists a unique 
maximal projective triangulation of 0* consisting of d(Q*) elementary, in fact, regular 
segments. 

In this case, small analytical neighbourhoods of points on Zf t & are analytically isomor- 
phic to product of (n — 3)-dimensional open ball and a small analytical neighbourhood of 
2-dimensional double point singularity of type Ad(e*)-i- 

The fiber of tp? over any point of Z is the Hirzebruch-Jung tree of /*(©*) = d(Q*) — 1 
smooth rational curves having an action of C*. 



Definition 4.2.7 Let (A 1; Mi) and (A 2 , M 2 ) be two reflexive pairs of equal dimension. A 
finite morphism of reflexive pair 

<f) : (A 1 ,M 1 )^(A 2 ,M 2 ) 
is a homomorphism of lattices cf) : Mi — > M 2 such that 0(Ai) = A 2 . 
By [2.2.21| , we obtain: 



Proposition 4.2.8 Let 

<f) : (A 1) M 1 )^(A 2 ,M 2 ) 
be a finite morphism of reflexive pairs. Then the dual finite morphism 

0* : (A;,iV 2 )^(At,iV 1 ). 
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induces a finite surjective morphism 
Moreover, the restriction 

<P • r A 2 ,K 2 ^ r Ai,Mi 

zs an eta/e morphism of degree 

d M2 (A 2 )/d Ml (Ai) = djv^A^/d^A!). 



Proof. It remains to show that 0* : M — ► P^' M is etale. Take a Ai-regular 



Calabi-Yau hypersurface Z f C P|J ijMi . By p . 2 . 1| , the hypersurface Z^j = is A 2 



regular. By |3.1.71 and |4.1.9| , two quasi-projective varieties Zf and Z^}^ are smooth and 



have trivial canonical class. Therefore, any finite morphism of these varieties must be etale. 
4.3 The Hodge number h n ~ 2 *{Z f ) 

Let us apply the result of Danilov and Khovanskii (see |3.3.7| ) to the case of reflexive 
polyhedra A of dimension > 4. Using the properties 1*{2A) = 1(A), I* (A) = 1, we can 
calculate the Hodge-Deligne number h n ~ 2,1 (Zf) of an afline Calabi-Yau hypersurface Zf as 
follows. 

Theorem 4.3.1 Let A be a reflexive n- dimensional polyhedron (n > 4), then the Hodge- 
Deligne number h n ~ 2,1 of the cohomology group H n ~ 1 (Zf) of any (n — 1)- dimensional affine 
A-regular Calabi-Yau hypersurface Zf equals 

h n - 2 >\Zf)=l(A)-n-l- Y, r ( )- 

codim 0=1 



In fact, we can calculate the Hodge-Deligne space H n 2,1 (Zf) itself (not only the di- 
mension h n ~ 2,1 ). 

Theorem 4.3.2 |§ Let L\(A) be the subspace in L(A) generated by all monomials X m 
such that m is an interior integral point on a face C A of codimension 1. Then the 
C-space H n ~ 2,1 (Zf) is canonically isomorphic to the quotient of L(A) by 

LJ(A) + C{f,f 1 ,...,f n ), 

where 

fi(X)=X~f{X), (l<i<n). 
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We want now to calculate for n > 4 the Hodge number h n ~ 2 ' 1 of a MPCP-desingulari- 
zation Zf of the toroidal compactification Z f of Zf. 

For this purpose, it is convenient to use the notion of the (p, q)-Euler characteristic e£' 9 
introduced in |15|| . 

Definition 4.3.3 For any complex algebraic variety V, e p c ,q {V) is defined as the alternated 
sum of Hodge-Deligne numbers 

J2(-iyh^(Hi(v)). 

i>0 



Proposition 4.3.4 (see |TJ|,) Let V = V x V" be a product of two algebraic varieties. 
Then one has 

e™(V) = J2 e^'(V').ef^"(V"). 

(p'+p",q'+q") = (p,q) 



Definition 4.3.5 A stratification of a compact algebraic variety V is a representation of 
V as a disjoint union of finitely many locally closed smooth subvarieties {Vj} je j (which are 
called strata) such that for any j e J the closure of Vj in V is a union of the strata. 

The following property follows immediately from long cohomology sequences (see ||15|| ). 

Proposition 4.3.6 Let {Vj}j e j be a stratification ofV. Then 

J6J 



Returning to our Calabi-Yau variety Zf, we see that Zf is always quasi-smooth. There- 
fore the cohomology groups H l c (Zf) = H l (Zf) have the pure Hodge structure of weight i. 
So, by 4.3.6, it suffices to calculate the (n — 2, 1)-Euler characteristic 



3 n-2,l 



(Zf) 



n— 1 U n ~ 2,1 



First, we define a convenient stratification of Zf. 

Let ifr '■ Zf — > Z f be the corresponding birational morphism. Then Zf can be repre- 
sented disjoint union 

Z f = [j <pr\Z ftQ ). 
ecA 

On the other hand, all irreducible components of fibers of ipr over closed points of Z^e are 
toric varieties. Therefore, we can define a stratification of <y9^ 1 (Zj i e) by smooth affine alge- 
braic varieties which are isomorphic to products Zf^ x (C*) fc some nonnegative integer k. 
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As a result, we obtain a stratification of Zf by smooth affine varieties which are isomorphic 
to products Z^q x (C*) fc for some face B C A and for some nonnegative integer k. 

Second, we note that (n — 2, 1)-Euler characteristic of Zf q x (C*) fc might be nonzero 



only in two cases: G = A, or dim 6 = n — 2 and k = 1. The latter follows from 3.3.8| , |4.3.4 , 



and from the observation that the (p, g)-Euler characteristic of an algebraic torus (C*) fc is 
nonzero only if p — q . 



We already know from 4.3.1 that 



e 



c 



L (z / ) = (-ir i (/(A)-n-i- y: nm 



codim 0=1 



On the other hand, the strata which are isomorphic to Zf® x C* appear from the fibers 
of ipr over (n — 3)-dimensional singular affine locally closed subvarieites Zf t Q C Z f having 
codimension 2 in Zf. By |4.2.6|, a ip~ 1 {Zf^) consists of l*(Q*) = d(B*) — 1 irreducible 



components isomorphic to Pi x Zf t e- As a result, for every (n — 2) -dimensional face 
O C A, one obtains /*(B*) strata isomorphic to Zy e x C*. On the other hand, one has 

er 2 ' 1 (Z /i exC*)=er 3 '°(Z /i e)-e^(C*). 
It is clear that eJ ,1 (C*) = 1. By results of Danilov and Khovanskii (see [0), one has 

e n c - 3 '°(Z L@ ) = (-l) n - 3 r(0). 
Thus we come to the following result. 

Theorem 4.3.7 For n > 4, the Hodge number h n ~ 2,1 (Zf) equals 

/(A) -n-i- E J*(o) • z*(e*), 

codim 0=1 codim 0=2 

where O denotes a face of a reflexive n- dimensional polyhedron A, and O* denotes the 
corresponding dual face of the dual reflexive polyhedron A* . 



Corollary 4.3.8 Assume that Pa, or Pa* is a smooth toric Fano variety of dimension 
n > 4 (see 2.2.25 (H)). Then the Hodge-Deligne number h n ~ 2,1 of an affine A-regular 



hypersurface Zf coincides with the Hodge number of a MPCP-desingularization Zf of its 
toroidal compactification Z f. 

Proof. If Pa, or Pa* is a smooth toric Fano variety, then for any face O of codimension 
2, one has Z*(6) = 0, or Z*(9*) = 0. 
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4.4 The Hodge number h ljl (Zf) 

First we note that the group of principal T-invariant divisors is isomorphic to the lattice 
M. Applying [2.2. 24| , we obtain: 



Proposition 4.4.1 Any MPCP-desingularization Pa of a toric Fano variety Pa contains 
exactly 

/(A*) - 1 = card{7Vn<9A*} 
T-invariant divisors, i.e., the Picard number p(Pa) — h l,1 (P/±) equals 

/(A*) 



Theorem 4.4.2 Let Zf be a MPCP-desingularization of a projective ^.-regular Calabi-Yau 
hypersurface Zf, then for n > 4 the Hodge number h l,1 {Zf), or the Picard number of Zf, 



equals 

/(a*) -n-i- ]T z*(e*)+ E r(e*)-r(e), (2) 

codimO*=l codim0=2 

where 0* denotes a face of the dual to A reflexive n-dimensional polyhedron A* ; and O 
denotes the corresponding dual to O /ace of the reflexive polyhedron A. 

Proof. By |2.2.24j , a MPCP-desingularization Zf of & A-regular Calabi-Yau hypersur- 
face Z/ is induced by a MPCP-desingularization (p? : Pa — > Pa of the ambient toric Fano 
variety Pa- Since Zf has only terminal Q-factorial singularities, i.e., Zf is quasi-smooth 
|14| , the Hodge structure in cohomology groups of Zf is pure and satisfies the Poincare 



duality (see |3.3.3| ). Therefore, the number h 1,1 equals the Hodge number h n 2,n 2 in the 



cohomology group 2 (Zf) with compact supports. By the Lefschetz-type theorem (see 
3.3. 1| ), if n > 4, then for i = n — 3,n — 4 the Gysin homomorphisms 



K(Zf) - H? 2 (T) 

are isomorphisms of Hodge structures with the shifting the Hodge type by (1, 1). On the 
other hand, H 2n ~ l {fT) is an 77-dimensional space having the Hodge type (77 — 1, 77 — 1), and 
the space H 2n ~ 2 (T) has the Hodge type (n — 2,n — 2). So H 2n ~ 3 (Zf) is an 77-dimensional 
space having the Hodge type (77 — 2, 77 — 2), and the space H 2n ~ 4 (Zf) has the Hodge type 
(77—3, 77—3). The complementary set Y = Zf\Zf is a closed subvariety of Zf of codimension 
1. Consider the corresponding exact sequence of Hodge structures 

> H 2n ~\Zf) ^ H 2n -\Zf)^H 2n -\Y)->H 2n ~ 3 {Zf) % H 2n - 3 {Z f )^ ■ ■ ■ 

Comparing the Hodge types, we immediately get that /3i and P2 are zero mappings. Since 
the space Hl n ~ A (Y) does not have subspaces of the Hodge type (77 — 1,77 — 3), the Hodge 
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humber h n 2,n 2 of H 2n 4 (Zf) equals dim H 2n A (Zf). Thus we get the short exact sequence 
of cohomology groups of the Hodge type (n — 2, n — 2) 

-> Hl n -\Z f )^Hl n ~\Y)^Hl n -\Z f )^. 

It is easy to see that the dimension of H 2n ~ 4 (Y) equals the number of the irreducible 
components of the (n — 2)-dimensional complex subvariety Y. On the other hand, Y is 
the intersection of Zf C Pa with the union of all irreducible T-invariant divisors on the 
corresponding maximal partial crepant desingularization Pa of the toric Fano variety Pa- 
We have seen in [4.4. 1| that these toric divisors on Pa are in the one-to-one correspondence 
to the integral points p G NddA* ,i.e., we have exactly l(A*) — 1 irreducible toric divisors on 
Pa- Every such a divisor D p is the closure of a (n — l)-dimensional torus T p whose lattice 
of characters consists of elements of M which are orthogonal to p G N. It is important to 
note that D p DZf is the closure in Pa of the affine hypersurface (f^(Zf t Q HT p C T p where 

r'/(T /( ) = T„. 

Note that since Z f does not intersect any O-dimensional T-orbit (|3.1.2|) , Zf does not 
intersect exeptional divisors on Pa lying over these points. The exceptional divisors lying 
over T-invariant points of Pa correspond to integral points p of iV in the interiors of 
(n — l)-dimensional faces 0* of A*. So we must consider only 

l(A*)-l- r ( *) 

codim 0*=1 

integral points of N n dA which are contained in faces of codimension > 2. 

If Dp is an invariant toric divisor on Pa corresponding to an integral point p belonging 
to the interior of a (n — 2)-dimensional face G* of A*, then D p D Zf consists of d(Q) 
irreducible components whose </2r-images are d(Q) distict points of the zero-dimensional 
stratum Zf t ® C To- 

If D p is an invariant toric divisor on Pa corresponding to an integral point belonging 
to the interior of a face 0* C A* of codimension > 3, then D p D Zf is irreducible because 
T p R Zf is an irreducible affine hypersurface in T p isomorphic to Zf t & x (c*) n ^ 1 ~ dime . 

Consequently, the number of irreducible components of Y is 

codim ©*=2 

+number of integral points on faces O* C A*, codim 0* > 3. 

Since d(Q) = l*(Q) + 1 for any 1-dimensional face 0A, we can rewrite the number of 
the irreducible components of Y as follows 

dimF c 2ri - 4 (Y) =Z(A*)-1- ^*(©*)+ E i*(©*)-i*(©)- 

codim 0*=1 codim ©=2 

Since dim H 2n ~ 3 (Z f ) = n, we obtain (|). 

Applying |4.3.7| and [4.4.2| , we conclude. 

Theorem 4.4.3 For any reflexive polyhedron A of dimension n > 4, the Hodge number 
h n ~ 1,l (Zf) of a MP CP- desingularization of a A-regular Calabi-Yau hypersurface Zf C Pa 
equals the Picard number h 1,l (Z g ) of a MP CP- desingularization of a A* -regular projective 
Calabi-Yau hypersurface Z g C Pa* corresponding to the dual reflexive polyhedron A*. 
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4.5 Calabi-Yau 3-folds 



We begin with the remark that only if dim A = 4 both statements 4.2.3 and 4.4.3 hold. 



In this case, we deal with 3-dimensional Calabi-Yau hypersurfaces Zf C Pa which admit 
smooth MPCP-desingularizations Zf. 

Calabi-Yau 3-folds Zf are of primary interest in theoretical physics. The number 



1 



e(Z f 



(h^(Zf)-h^(Zf)) 



is called the number of generations in superstring theory ||21|| . So it is important to have a 
simple formula for the Euler characteristic e(Zf). 

We have already calculated the Hodge numbers h 1,l (Zf) and h n ~ 2,1 (Zf). So we obtain 



Corollary 4.5.1 For any Calabi-Yau 3-fold Zf defined by a A-regular Laurent polynomial 
f whose Newton polyhedron is a reflexive 4- dimensional polyhedron A, one has the following 
formulas for the Hodge numbers 

hh\Z f ) =/(A*) -5- E '*(©*) + E i*(B*)-i*(9), 

codimO*=l codim 0=2 

+ h^{Zf) = i{A)-h- E r(6)+ E r(e).r(e*). 

codim 0=1 codim©=2 



This implies also. 
Corollary 4.5.2 



e(Zf) = (1(A) - l(A*)) 



E '*(©)- E i'(s) 

codim0=l codimH=l 
OCA HcA* 



+ 



+ 



E z*(8)-z*(e*)- E r(H)-r(s*) 

codim 0=2 codim H=2 

0CA HcA* 



Now we prove a more simple another formula for the Euler characteristic of Calabi-Yau 
3-folds. 
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Theorem 4.5.3 Let Zf be a MPCP-desingularization of a 3- dimensional A-regular Calabi- 
Yau hypersurface associated with a 4- dimensional reflexive polyhedron A. Then 

e(z f )= £ d(e)d(e*)- £ d(e)d(e*). 

dimO=l dim0=2 

ecA ecA 



In our proof of theorem |4. 5. 3| we will use one general property of smooth quasi-projective 



open subsets Zf 
Zf,e, 



11 • 77 



in Zf consisting of the union of the affine part Zf and all affine strata 



where G runs over all faces of A of codimension 1, i.e., 



p [ A 1] n z 



Theorem 4.5.4 For arbitrary n- dimensional reflexive polyhedron A and A-regular Laurent 
polynomial f G L(A), the Euler characteristic of the smooth quasi-projective Calabi-Yau 
variety zf^ is always zero. 

Proof. Since Zf is smooth, the Euler characteristic of the usual cohomology groups 
is zero if and only if the Euler characteristic of the cohomology groups with 



compact supports H*(Z^) is zero (see |3.3.3| ). It follows from the long exact sequence of 



cohomology groups with compact suport that 

e{H* c {zf))=e{Ht{Zf))+ £ e(H* c (Z f>e )). 

codim 0=1 

ByjH, 



<K{Zf)) = (-i)- 1 ^), e(H* c (z ftB )) = (-irMe). 

Thus, it is sufficient to prove 

d(A)= E d(Q). 

codim 0=1 

The latter follows immediately from the representation of the n-dimensional polyhedron 
A as a union of n-dimensional pyramids with vertex over all (n — l)-dimensional faces 
6cA. 



Proof of Theorem 4.5.3 . Let <p? : Zf — > Zf be a MPCP-desingularization. For 

- i 1 , .,+ „ ;. ;,..„,,,.,.,»i,;,.,,, .„.,„. 7 
\ - fi t "..;■>.,-, .>, i,i 



any face O C A, let Fq denotes (/? T 1 (Zj j e)- We know that tp is an isomorphism over Z^ 
which is the union of the strata Z JiQ (dim 6 = 3,4). By[L5l], e{zf) = 0. Using additivity 
property of the Euler characteristic, we obtain 

e(Z f )= £ e(P e )+ £ e(P e ) 

dim 0=1 dim 0=2 

0CA 0CA 

Now the statement follows from the following lemma. 
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Lemma 4.5.5 Let ipr be a MPCP-desingularization as above. Then the Euler character- 
istic e(F e ) equals d(Q)d(Q*) if dim® = 1, and -d(Q)d(Q*) ifdimQ = 2. 



Proof. If dimO = 1, then Zf t Q consists of d(Q) distinct points. The fiber fj^ip) 
over any such a point p G Z^q is a union of smooth toric surfaces. By [4.2.5| , the Euler 
characteristic of ifj • (p) equals the number of elementary simplices in the corresponding 
maximal projective triangulation of 0*. Since dim©* = 2, the number of elementary 
simplices equals d(Q*) (see |2.2.7|) . Thus, e(Fe) = e(Z/ ! e)e(^ 1 (p)) = d(Q)d(Q*) 



If dimG = 2, then Zf t Q is a smooth affine algebraic curve. By |3.3.4j , the Euler char- 
acteristic of Zf t Q equals —d(Q). By [4 . 2 . 6| , the fiber f^ip) over an y point p e Z^q is the 



Hirzebruch-Jung tree of d(&*) — 1 smooth rational curves, i.e., the Euler characteristic of 
(Pr X (p) again equals d(Q*). Thus, e(F ) = -d(Z Le )e((p^(p)) = -d(Q)d(Q*). 

Since the duality between A and A* establishes a one-to-one correspondence between 
1-dimensional (respectively 2-dimensional) faces of A and 2-dimensional (respectively 1- 
dimensional) faces of A*, we again obtain: 

Corollary 4.5.6 Let A be a reflexive polyhedron of dimension 4, A* the dual reflexive 
polyhedron. Let Zf be a MPCP-desingularization of a A-regular Calabi-Yau hypersurface 
Zf in Pa, Z g be a MPCP-desingularization of a A* -regular Calabi-Yau hypersurface Z g 
in Pa*- Then the Euler characteristics of two Calabi-Yau 3-folds Zf and Z g satisfy the 
following relation 

e{Zf) = -e(Zg). 



5 Mirror symmetry 

5.1 Mirror candidates for hypersurfaces of degree n + 1 in P n 

Consider the polyhedron A n in Mq = Q n defined by inequalities 

x\ + . . . + x n < 1, Xi > — 1 (1 < i < n). 

Then A n is a reflexive polyhedron, and J 7 {A) is the family of all hypersurfaces of degree 
n + 1 in P n = P An . 

The polyhedron A n has n + 1 (n — l)-dimensional faces whose interiors contain exactly 
n integral points. These n(n + 1) integral points form the root system of type A n . The 
number l(A n ) equals ( 2n ^ -1 )- Thus the dimension of the moduli space of J(A n ) equals 

The dual polyhedron A* has n + 1 vertices 

Mi = (1,0, ...,0),...,m„ = (0,...,0, l),w„ + i = (-!,...,-!). 
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The corresponding toric Fano variety Pa* is a singular toric hypersurface H n+ i of degree 
n + 1 in P n _|_i defined by the equation 

n+l 

where (it : . . . : w n +i) are homogeneous coordinates in P n+ i. 

Since the simplex A n is (n + l)-times multiple of n-dimensional elementary simplex of 
degree 1, the degree d(A n ) equals (n + 1)™. On the other hand, the dual simplex A* is the 
union of n + 1 elementary simplices of degree 1, i.e., d(A*) = n + l. 

There exists a finite morphism of degree (n + l) n_1 = d(A„)/d(A*) of reflexive pairs 

: (A;,iV)^(A n ,M), 
where <f>(u n +i) = (—1, . . . , —1) G A n and 

(f>(ui) = (-1, . . . , v _n_ / , . . . , -1) e A n . 

i 

It is easy to see now that 

M/<j>{N) = (Z/(n+ l)Z) n_1 . 

Let (f o : f i : • • • : f n ) be the homogeneous coordinates on P„. The corresponding to 
etale mapping of smooth quasi-projective toric Fano varieties 

: PL 11 - H&i 
has the following representation in homogeneous coordinates 

n 

Oo : vt : . . . : v n ) i-> (J] ^ : : v™ +1 : . . . : = (u : w x : . . . : u n+l ). 

i=0 

A Calabi-Yau hypersurface Zf in H n+ i has an equation 

n+l 

f( U ) = a i U i = °' 
i=0 



Using |4.3.1| , it is easy to show that h n 2,1 (Zf) = 1. We can also describe the moduli 



space of the family JF(A*). Since H n+1 is invariant under the action of the n-dimensional 
torus 

T = {t = (ti, . . .,Ui) e (C*) n+1 1 ti • • • Wi = i}, 

the equation 

n+l 

t* (/(«)) = ^ a^Mi = 0, 

i=0 

defines an isomorphic to Zf hypersurface Zt*m- Moreover, multiplying all coefficients 
{di\ (0 < % < n + 1) by the same non-zero complex number to, we get also a C*-action. 
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Thus, up to the action of the (n + l)-dimensional torus C* x T on n + 2 coefficients {aj}, 
we get the one-parameter mirror family of Calabi-Yau hypersurfaces in H n+ i defined by 
the equation 

d 

fa{u) =^Ui + au = 0, (3) 

i=l 

where the number 

n+l _ x 

a = a (n a j)~ 
i=i 

is uniquely defined up to an (n + l)-th root of unity. 

Using the homogeneous coordinates {vi} on P n , we can transform this equation to the 
form 

n n 

07a = E< +1 + aIK ( 4 ) 

j=0 i=0 

where a n+1 is a canonical parameter of the corresponding subfamily in JF(A„) of smooth 
(n — l)-dimensional hypersurfaces in P n . 



Theorem 5.1.1 The candidate for mirrors relative to the family of all smooth Calabi- 
Yau hypersurfaces of degree n + l in P n is the one-parameter family JF(A*) of Calabi-Yau 
varieties consisting of quotients by the action of the finite abelian group i^Ljin + l^Z)™^ 1 
of the hypersurfaces defined by the equation (|j). 



Example 5.1.2 If we take n = 4, then the corresponding finite abelian group is isomorphic 
to (Z/5Z) 3 and we come to the mirror family for the family of all 3-dimensional quintics 
in P 4 considered in [13[. 



5.2 A category of reflexive pairs 

The set of all reflexive pairs of dimension n forms a category C n whose morphisms are 
finite morphisms of reflexive pairs ( f4.2.7|) . The correspondence between dual reflexive pairs 



defines an involutive functor 

Mir : C n -> C* 
Mir(A, M) = (A*, iV) 
which is an isomorphism of the category C n with the dual category C*. 

It is natural to describe in C n some morphisms satisfying universal properties. 
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Definition 5.2.1 Let 

0o : (A ,Af )-(A,M) 

be a finite morphism of reflexive pair. The morphism O is said to be minimal if for any 
finite morphism 

ip : (A', M') -> (A, M) 
there exists the unique morphism 

: (Ao,Mo)^(A,M') 

such that 4>o = ip o (p. 

A reflexive pair in C n is called a minimal reflexive pair, if the identity morphism of this 
pair is minimal. 

Note the following simple property. 
Proposition 5.2.2 Assume that there exist two finite morphisms 

0! : (A 1 ,M 1 )^(A 2 ,M 2 ) 

and 

2 : (A 2 ,M 2 ) -> (Ai, Mi). 
T/ien 0i and 2 are isomorphisms. 

Proof. The degrees of 0i and 2 are positive integers. On the other hand, by [4.2.8 , 

d(0i) = d A f 2 (A 2 )/d Ml (Ai), 

d(fa) = d A/l (Ai)/d M2 (A 2 ). 
Therefore, c?Mi(Ai) = c?m 2 (A 2 ) = 1, i.e., 0i and 2 are isomorphisms of reflexive pairs. 

Corollary 5.2.3 Assume that 

O : (A ,M )-(A,M) 
is a minimal morphism. Then (A ,M ) is a minimal reflexive pair. 

Corollary 5.2.4 For any reflexive pair (A, M) there exists up to an isomorphism at most 
one minimal pair (A , M ) with a minimal morphism 

0o : (A ,Mo)-(A,M). 

The next proposition completely describes minimal reflexive pairs and the set of all 
finite morphisms to a fixed reflexive pair (A, M). 
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Proposition 5.2.5 Let (A, M) be a reflexive pair. Denote by Ma the sublattice in M 
generated by vertices of A. Let M' be an integral lattice satisfying the condition Ma C 
M' C M. Then (A, M') is also a reflexive pair, and 

(A,Af A )-(A,M') 

is a minimal morphism. 



The proof immediately follows from the definition of reflexive pair |4.1.5. 



Corollary 5.2.6 All reflexive pairs having a finite morphism to a fixed reflexive pair 
(A, M) are isomorphic to (A, M') for some lattice M' such that Ma C M 1 C M. 

Definition 5.2.7 Let 

0° : (A, M) -> (A°,M°) 

be a finite morphism of reflexive pair. The morphism 0° is said to be maximal if for any 
finite morphism 

ip : (A, M) -> (A',M') 
there exists the unique morphism 

: (A',M') -> (A°,M°) 

such that (ft = (p o ip . 

A reflexive pair in C n is called a maximal reflexive pair, if the identity morphism of this 
pair is maximal. 



If we apply the functor Mir, we get from |5.2.5| and [5.2.6| the following properties of 
maximal reflexive pairs. 

Proposition 5.2.8 Let (A, M) be a reflexive pair. Then there exists up to an isomorphism 
the unique maximal reflexive pair (A, M A ) having a maximal morphism 

: (A,M)^(A,M A ). 

Moreover, the pair (A, M A ) is dual to the minimal pair (A*, having the morphism 

4>* : (A*, ]Va*) -> (A*, N) 

as minimal. 



Corollary 5.2.9 All reflexive pairs having finite morphisms from a fixed reflexive pair 
(A, M) are isomorphic to (A, M') for some lattice M' such that M C M' C M A . 



Example 5.2.10 Let (A n ,M) and (A*, N) be two reflexive pairs from the previous sec- 
tion. Since the lattice N is generated by vertices of A*, the reflexive pair (A*,JV) is 
minimal. Therefore, (A n , M) is a maximal reflexive pair. 
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5.3 A Galois correspondence 



The existence of a finite morphism of reflexive pairs 

<P : (A 1 ,M 1 )^(A 2 ,M 2 ) 

implies the following main geometric relation between Calabi-Yau hypersurfaces in toric 
Fano varieties Pai,Mi an d Pa 2 ,m 2 - 

Theorem 5.3.1 The Calabi-Yau hypersurfaces in Pai,A'/i ore quotients of some Calabi- 
Yau hypersurfaces in Pa 2 ,m 2 by the action of the dual to M 2 /4>(Mi) finite abelian group. 

Proof. Consider the dual finite morphism 

0* : (A;,iV 2 )^(At,iV 1 ). 
By |4.2.£|, 0* induces a finite etale morphism 



1* . p [i] _, p [i] 

V ■ - r A 2 ,M 2 r Ai,Mi 

of smooth quasi-projective toric Fano varieties. This morphism is defined by the surjective 
homomorphism of n-dimensional algebraic tori 

14> '■ Ta 2 — > T Al 

whose kernel is dual to the cokernel of the homomorphism of the groups of characters 

o : .1/, — M 2 . 

Therefore, 0* is the quotient by the action of the finite abelian group (M 2 /</>(Mi))* = 
A r 1 /0*(A^ 2 ). The pullback of the anticanonical class of P^ M is the anticanonical class of 
P^ 2 Ma . Applying [3.2.3| , we obtain that the smooth quasi-projective Calabi-Yau hypersur- 



faces Z^Ai are etale quotients by Ni/(j)*(N 2 ) of some smooth quasi-projective Calabi-Yau 
hypersurfaces Z^.^. 

Corollary 5.3.2 The mirror mapping for families of Calabi-Yau hypersurfaces in toric 
varieties satisfies the following Galois correspondence: 

If a family !F(Ai) is a quotient of a family J r (A 2 ) by a finite abelian group A, then the 
mirror family JF(A 2 ) is a quotient of the mirror family JF(A^) by the dual finite abelian 
group A*. 



Definition 5.3.3 Let (A, M) be a reflexive pair, (A*, N) the dual reflexive pair. Denote by 
N&* the sublattice in N generated by vertices of A*. The finite abelian group 7Ti(A, M) = 
N/N&* is called the fundamental group of the pair (A, M). 
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The fundamental group 7Tl(A, M) defines a contravariant functor from the category C n 
to the category of finite abelian groups with injective homomorphisms. 



Proposition 5.3.4 Let (A, M) be a reflexive pair, Pa,m the corresponding toric Fano va- 
riety. Then the fundamental group 71"! (A, M) is isomorphic to the algebraic (and topological) 
fundamental group 



In particular, the reflexive pair (A, M) is maximal if and only if P^' is simply connected. 

Proof. The statement immediately follows from the description of the fundamental 
group of toric varieties in |2.2.22| . 



Definition 5.3.5 Let (A, M) be a reflexive pair, (A*, AT) the dual reflexive pair, (A, Ma) 
and (A*, A^a*) are minimal pairs, (A, M A ) and (A, iV A *) are maximal pairs. The quotients 

7Ti(A) = N A */N A * and tti(A*) = M A /M A 

is called the fundamental groups of the reflexive polyhedra A and A* respectively. 

It is clear, tti(A) and 7Tl(A*) are isomorphic dual finite abelian groups. 

Definition 5.3.6 Assume that for a reflexive pair (A, M) there exists an isomorphism 
between two maximal reflexive pairs 

: (A,M A ) -> (A*,N A *). 

Then we call A a selfdual reflexive polyhedron. 

If A is selfdual, then A and A* must have the same combinatorial type (see |4.1.7| ). By 



5.3.1, we obtain. 



Proposition 5.3.7 Let (A, M) be a reflexive pair such that A is selfdual. Then J 7 (A) 
and J 7 (A*) are quotients respectively by 7Ti(A, M) and 7Ti(A*, AT) of some subfamilies in 
the family of Calabi- Yau hypersurfaces corresponding to two isomorphic maximal reflexive 
pairs (A,M A ) and (A,A^ A *). Moreover, the order o/7r 1 (A) equals to the product of oders 
o/tti(A,M) and 7Ti(A*, N). 
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5.4 Reflexive simplices 



In this section we consider Calabi-Yau families J- (A), where A is a reflexive simplex 
of dimension n. Let {po, . . . ,p n } be vertices of A. There exists the unique linear relation 
among {p^} 

n 

WiPi = o, 

i=0 

where Wi > (0 < i < n) are integers and g.c.d.{wi) = 1. 

Definition 5.4.1 The coefficients w = {wq, ■ ■ ■ , w n } in the above linear relations are called 
the weights of the reflexive simplex A. 

Let A* be the dual reflexive simplex, l , . . . , l n vertices of A*, p , . . . ,p n vertices of A. 



By definition |4.1.5|, we may assume that 

(PiJj) = -l(i^j), 

i.e., that the equation (x,lj) = —1 defines the affine hyperplane in Mq generated by the 
(n — l)-dimensional face of A which does not contain pj 6 A. 

Definition 5.4.2 The (n + 1) x (n + l)-matrix with integral coefficients 

S(A) = (6y) = ((ft,/i» 

is called the matrix of the reflexive simplex A. 



Theorem 5.4.3 Let A be a reflexive n- dimensional simplex. Then 

(i) the matrix B(A) is symmetric and its rank equals n; 

(ii) the diagonal coefficients bu (0 < i < n) are positive and satisfy the equation 



(iii) the weights {wq, . . . ,w n } of A are the primitive integral solution of the linear ho- 
mogeneous system with the matrix B(A). Moreover, 

l.c.m.ibu + 1) 

Wi = : . 

bu + 1 



Proof. The statement (i) follows from the fact that rk{pj} = rk{/j} = n. One gets 
(ii) by the direct computation of the determinant of B(A) as a function on coefficients bu 
(0 < i < n). Finally, (iii) follows from (ii) by checking that 

{l/(6n + l),...,l/(6 nn + l)} 

is a solution of the linear homogeneous system with the matrix B(A). 
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Corollary 5.4.4 The matrix B(A) depends only on the weights of A. 



Let A be a reflexive simplex with weights w = {wi}. Using the vertices {lj} of the dual 
reflexive simplex A*, we can define the homomorphism 

l a : M^Z n+1 , 

where 

L A (m) = ((m, l ), . . . , (m, /„)). 

Obviously, la is injective and the image of la is contained in the n-dimensional sublattice 
M(w) in Z n+1 defined by the equation 

n 

^WiXi = 0. 

i=0 

Note that the image la{p%) is the i-th row of B{A). We denote by A(w) the convex hull of 
the points {ia(Pi)} in Mq(w). 

Theorem 5.4.5 The pair (A(w), M{w)) is reflexive and satisfies the following conditions: 
(i) the corresponding to (A(w), M{w)) toric Fano variety Pa(™) is the weighted projec- 
tive space P(w , • • • , w n ); 
(ii) 

L A : (A, M) -> (A(w),M(w)) 

is a finite morphism of reflexive pairs; 

(iii) (A(w),M(w)) is a maximal reflexive pair. 

Proof. The reflexivity of (A(w),M(w)) and the condition (ii) follow immediately from 
the definition of la, since 

n 

A(w) = {(x ,...,x n ) G Q n+1 \Y,WiXi = 0, Xi>-1 (0<i<n)}. 

i=0 

(i) The shifted by (1, . . . , 1) convex polyhedron 

A {1) (w) = A(w) + (1, . . ., 1) 

is the intersection of Q™^ 1 and the afline hyperplane 

Wo^o + • • • + w n x n = w + ■ ■ ■ + w n = l.c.m.{bu + 1} = d. 

Therefore, the integral points in A^(w) can be identified with all possible monomials of 
degree d in n + 1 unweighted independent variables, 
(iii) Assume that there exists a finite morphism 

: (A(w),M(w)) -> (A',M') 
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of reflexive pairs. Obviously, A' must be also a simplex. Since the linear mapping does 
not change linear relations, A and A' must have the same weights w = {wi}. Therefore, 
by (ii), there exists a finite morphism 

l a , : (A',M') -> {A{w),M(w)). 

Therefore, by |5.2.2| , the reflexive pairs (A(w),M(w)) and (A', M') are isomorphic. 

Since B(A) = B{A*) (see pA3| ), we obtain: 

Corollary 5.4.6 Any reflexive simplex A is self dual. 



5.5 Quotients of Calabi-Yau hypersurfaces in weighted projective 
spaces 

Theorem |5.4.5| implies 

Corollary 5.5.1 The fundamental group tt\{A) of a reflexive simplex A depends only on 
the weights w = {wi}. This group is dual to the quotient of the lattice M(w) C Z ra+1 by 
the sublattice Mb (A) generated by rows of the matrix B(A). 

Now we calculate the group M{w) / M B {w) explicitly. 

Consider two integral sublattices of rang n + 1 in Z n+1 

M{w) =iWez((i,..,i)), 

and 

M B (w)=M B (w)®Z((l,...,l)). 

Note that M(w)/M B (w) = M(w)/M B (w). 

Let fi r denote the group of complex r-th roots of unity. Put c?j = ba + 1 (0 < i < n), 
d = l.c.m.{di}. 

The sublattice M(w) is the kernel of the surjective homomorphism 

lw : Z" +1 - /i d , 
lw (ao,...,a n )=g w ° ao+ -+ w ^, 

where g is a generator of fid- 

The sublattice M B {w) is generated by (1, . . . , 1) and 

(d ,0,...,0),(0,d 1 ,...,0),...,(0,...,0,d n ). 

Therefore, M B (w) can be represented as the sum of the infinite cyclic group generated 
by (1, ... , 1) and the kernel of the surjective homomorphism 

7 : Z n+1 -> fi do x fi dl x • • • x fi dn , 
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7 (a ,...,O = g$ > g? 

where gi is a generator of //^ (0 < i < n). The order of the element (1, . . . , 1) modulo ker 7 
equals d. Thus, 

Z n+1 /M B (w) (/i d0 x n dl x • • • x fi dn )/fi d , 
where the subgroup fid is generated by poPi ' ' ' 9n- Finally, we obtain. 

Theorem 5.5.2 The fundamental group 7Ti(A*) = M(w)/Mb{w) of the reflexive simplex 
A* with weights w = {wi} is isomorphic to the kernel of the surjective homomorphism 

l w ■ (l*do x ^ x • • • x Vd n )/Hd -> /id, 

7v ( n a n ai n an \ n W(,a(,-\ \-W„a n 

iw yyo y 1 ' ■ ■ y n 1 — y 



By duality, we conclude. 

Corollary 5.5.3 The fundamental group 7Ti(A) of a reflexive simplex A with weights w is 
isomorphic to the kernel of the surjective homomorphism 

(/M, x fi dl x • • • x Hi^/nd -> ^d, 

where the homomorphism to fid is the product of complex numbers in fid , f-i dl , • • • , fi dn , and 
the embedding of fid in fid x fi dl x • • • x /i^ n zs defined by 

g^(g w '\...,g w "). 



Corollary 5.5.4 The order of ivi(A) in the above theorem equals 

d$d\ ■ ■ ■ d n 
I 2 ' 

Example 5.5.5 Let (d , d±, . . . , d n ) (dj > 0) be an integral solution of the equation 

n 1 

Then the quasi-homogeneous equation 

v$° + vf 1 + ■ ■ ■ + v d n n = 

defines a A(w)-regular Calabi-Yau hypersurface of Fermat-type in the weighted projective 
space 

Pah = P(^o, • • -,w n ), 

where 

l.c.m.(di) 

Wi = . (6) 

di 

40 



Corollary 5.5.6 The family jF(A(u>)) of Calabi-Yau hyper surf aces in the weighted projec- 
tive space Pa(io) consists of deformations of Fermat-type hyper surf aces. If A is a reflexive 
simplex with weights w = {uii}, then the corresponding family J 7 (A) in Pa consists of 
quotients of some subfamily in JF(A(w)) by the action of the finite abelian group 7Ti(A, M). 



If we consider a special case n = 4, we obtain as a corollary the result of Roan in [44 
To prove this, one should use our general result on Calabi-Yau 3-folds constructed from 
4-dimensional reflexive polyhedra (see 4.5.1|) and apply the following simple statement. 



Proposition 5.5.7 Let (A, M) be a reflexive pair such that A is a 4-dimensional reflexive 
simplex with weights (wq, . . . , W4) . Then the family T{A) consists of quotients by 7Ti(A, M) 
of Calabi-Yau hypersurfaces in the weighted projective space P(u>o, • • • , W4) whose equations 
are invariant under the canonical diagonal action 0/711 (A, M) on P(wq, . . . ,104). 
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